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THIS NUMBER AND OPERATION HANDBOOK IS INTENDED TO HELP 
EMPHASIZE THE SEQUENTIAL NATURE OF MATHEMATICS AND FOCUS 
attention on the need for a well-planned PROGRAM TO FkuVIDE 
FOR CONTINUITY IN THE DEVELOPMENT OF CONCEPTS IN MATHEMATICS. 
EMPHASIS IS ON NEW APPROACHES IN TEACHING Of STANDARD TOPICS 
TO GAIN UNDERSTANDING. DIFFERENT SYSTEMS OF NUMERATION ARE 
STUDIED, AND THE DEVELOPMENT AND USE OF TERMINOLOGY AND 
SYMBOLISM IS STRESSED. REPORTED ON ARE— (1) NUMBER AND 
NUMERALS - AN INTRODUCTION, (2) SYSTEMS OF NUMERATION, «) 
SETS AND SENTENCES, (4) OPERATIONS OF ADDITION AND 
MULTIPLICATION, (5) OPERATION OF SUBTRACTION, (6) OPERATION 
OF DIVISION, (7) OUR NUMBER SYSTEM - AN OVERVIEW, AND C8) 
OTHER INTERESTING FACTS ABOUT NUMBERS. EACH OF THE ABOVE 
UNITS IS ORGANIZED AS FOLLOWS — (1) SUBJECT MATTER AND 
EXPLANATORY MATERIAL, (2) REFERENCES FOR TEACHERS, AND (3) 
ACTIVITIES. THE ACTIVITIES AND TEACHING AIDS DESCRIBED IN THE 
latter section ARE INTENDED VO BE USED IN THE CLASSROOM (1) 

TO DEVELOP CONCEPTS, (2) TO PROVIDE ENRICHMENT AND i-kOJECT 
MATERIALS, (3) TO PROVIDE DRILL, AND (4) TO AID IN 
INTRODUCING OLD TOPICS IN NEW WAYS. (RP) 
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INTRODUCTION 



Most people are aware of the close scrutiny that the present 
mathematics curriculum at all levels is undergoing. A great 
number of research projects underway throughout the nation 
have demonstrated that children can learn mathematics at an 
earlier age and are resulting in a more critical analysis of ex- 
isting curricula and teaching techniques. Although most of the 
earlier experimentation was at the secondary level, it has been 
extended during the past few years to the elementary school where 
students spend eight important years. This extension helps to 
emphasize the sequential nature of mathematics and focuses atten- 
tion more than ever on the need for a well-planned program to 
provide for continuity in the development of concepts. Some of 
these basic concepts have their beginnings in the kindergarten. 

But why change the curriculum in arithmetic? Isn't the 
present stimulus -response, computational- centered arithimetic 
adequate? 

Technological advances have been so rapid that one can 
predict what problems people will have to solve or what mechani- 
cal means for solving problems will exist in the future. This is 
another basic reason for the clamor for reform. The former 
concentration on skills appears inadequate. Arithmetic can no 
longer be considered solely a tool subject but it must be viewed 
in its larger framework of mathematics structured upon major 
ideas, A well-developed and well-understood concept can be 
easily adapted for use even in a world of change. 

The reform in mathematics doesn't necessitate a coinplete 
upheaval of the subject matter now being taught. The basic 
content of arithmetic is not being changed a great deal. A few 
new topics are being introduced, but major emphasis is now on 
structure, continuity of concepts, and understanding. Discovery 
procedures are used to develop basic concepts and basic rules; 
drill then beco-nes meaningful. 

In this workshop, teachers will have an opportunity to identify 
some of the important aspects of new programs and thus will have 
some guidelines for choosing a new program or for updating and 
enriching one presently used. Emphasis will be on new approaches 
in teaching of standard topics to gain understanding. A new topic- - 
sets --will be introduced. Different systems of numeration will be 
studied. The development and use of terminology and symbolism 
will be stressed because mathematics is a language with its own 
vocabulary. Some of the conflicting views existing in elementary 
mathematics will be discussed. 



Each unit is organized as follows: (1) subject matter and > 

explanatory material, (2) references for teachers, and (3) activities. 

Discussions will be based upon the lecture and the printed 
materials. The SUBJECT MATTER AND EXPLANATORY 
MATERIAL are intended to supplement the lectures. The mar- 
gins in this section are left for your notes, 

A selected reading list is given at the end of each unit in 
REFERENCES FOR TEACHERS, Space is provided for you to 
add notes about any of the books which you find helpful or for you 
to list additional references. 

The activities and teaching aids described in the ACTIVITIES 
section may be used in the classroom for various purposes: to 
develop concepts; to provide enrichment and project materials; 
to afford drill in disguised forms; or to aid in introducing old 
topics in new ways. The leader may have time to discuss or to 
demonstrate some at each meeting, but this is primarily your 
section. Other teaching aids besides the ones mentioned can be 
constructed easily and space is left for notes. 
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NUMBERS AND NUMERALS 
AN INTRODUCTION 
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UNIT I. NUMBIUKS AND NUME)KALS: AN INTKODUCTION 



"One, two, plenty” ••Tasmanian Method of Counting 
EARLY USE OF NUMBERS 

From earliest time man has used number „ His ideas probably 
were communicated first by pictures and words. Early methods of 

keeping count were by scratching 
notches in sticks^ tying knots in 
strings, and putting pebbles in a 
heap to represent the objects 
being counted. 






THREE MEN 




TALLY STICK 



ONE-TO-ONE CORRESPONDENCE 



The methods of keeping count were simple matching processes 
where the object and the stroke, knot, or pebble were in one-to-oi^ 
correspondence. 



This one -for -one matching of 
objects was a forerunner of 
counting. As soon as man began 
to match in a definite order he was 
counting. This meant he had to 
develop words for his counting 
system to communicate his ideas, 
and the next step was the develop- 
ment of symbols to represent 
these words. 




INVENTION OF NUMERAI 3 

• / 

Early representations of numbers were quite simple 3>nd in many 
cases mere repetition of a few basic symbols. Observe the repre- 
sentation of 1216 by the ancient Egyptians. 

Our present system of numer - 
ation (way of representing num- 
bers symbolically) is the Hindu- 
Arable decimal system. It uses 
ten basic symbols, 0, 1, 2, 3, 4, 5, 
6, 7, 8, and 9, called digits . The 
value of any number represented by a numeral is equal to the sum of the 
values that the digits represent because of their positions in the numeral. 
For example, 243 equals 2 hundreds plus 4 tens plus 3 ones. The system 
is an additive system using positional notation, and *0* is essential when 
representing numbers like 305. 



EGYPTIAN NUMERALS 



III 



eeAii 



12t« 
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This numeration system received the name Hindu-Arabic because 
the numerals were invented in India and 
brought to Europe by the Arabs, Oddly 
enough, the Arabs today use different 
symbols from the ones they gave to the 
rest of the world, 



MAYAN NUME?IALS 

o o o 



CAN YOU SEE WHYT 



It is interesting, too. 



roman numerals 

CCXLVIll 

24B 



to note that the word "digit" is an 
abbreviation of the Latin word 
"digitus" meaning "finger" or 
"toe", and the use of this word 
for the numerals 0-9 is probably 
based on the common practice of 
counting with fingers. 



PRECISENESS OF LANGUAGE OF MATHEMATICS 



One characteristic of mathematics is the preciseness of its 
language, and most of the modern programs in mathematics carefully 
develop correct usage of mathematical vocabulary. 

Every branch of learning has a vocabulary of its own, and 
mathematics is no exception. Definitions of terms in mathematics 
should always be kept in mind as definitions for this field only, re- 
gardless of dictionary definitions in general. For instance, many 
dictionaries make little or no distinction between words such as 
number and numeral, and some define them as synonyms, 

NUMBERS AND NUMERALS 

To a mathematician number represents an idea. It is a way of 
thinking about individual objects in a set or collection as forming that 
particular set, A person cannot see, draw, or write a number 
although he represents his idea of a number by using a symbol called 
a numeral . 

Five books, five ducks, or five cents in a nickel have fiveness in 
common. The Roman numeral 'V’ and the Hindu- Arabic numeral '5' 
both represent this idea of fiveness, 

DISTINGUISHING BETWEEN NUMBER AND NUMERAL 

In print, when the reference is to the number idea, the symbol 
5 or word five is written without quotes. When the reference is to ; 
the numeral or written representation itself, the symbol '5' or word 

*five* * is written with single quotes. Thus 30, four, and V all repre- 
sent the number idea while '30', 'four', and 'V refer to the marks 
on the paper. 
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TO test your understanding of numbers and numerals, try 
mg the five questions below before reading the answers and explanattona 

which follow. 



1. Is 3 larger than ^ ? 



2, Is '6* smaller than ^ 



'5 



3. Does *36' consist of 2 numbers? 



4 , Does 'four' have four letters? 

5, Does four have four letters? 



ANSWERS ; 

1. No. The number 3 is smaller than the number 4. 

2. Yes. The symbol or numeral '6' is smaller in size than 

the symbol *5*, 

3, No, A symbol or numeral can't consist of 2 numbers, 

4, Yes, The word 'four* consists of the four letters *£*, 'o', 'u* and 'r* 



5, No, A number does not consist of letters. 

For additional exercises, consult the 24th 
Council of Teachers of Mathematics — Tbe Growth of Mathematical Ide 

pp, 336-337, 



DIFFERENT NAMES FOR THE SAME NUMBER 

It is important that number sense be developed early. A child 
should be taught to think of various ways of "7? 

For example, other names for 9 include '4+5 , 6+3 , 3 , 17- , 

'18+2', etc. As a child realizes that a number may have many dif- 
ferent names, he develops his sense of number. 



Formerly, these ways of representing 9 were thought of only 
as indicating operations that had to be performed. Today they 
are recognized also as other names for 9, 



NUMBER SYSTEMS AND SYSTEMS OF NUMER ATION 

Similar to the distinction between number and numeral Is the 
distinction between a number system and a system of numeration. 

A system of numeration deals only with the symbols and rules 
for writing the numerals. In Unit II systems of numeration using 

bases other than 10 will be examined. 



A mathematical system consists of: 

1« undefined terms 

2« defined terms 

3, assumptions or axioms 

4, conclusions or theorems 

An assumption or axiom is a statement accepted without proof, A 
theorem or conclusion is a statement that can be formally proved by 
logical reasoning. 

In a mathematical system undefined terms and unproved statements 
or axioms are agreed upon. Then other terms are defined in terms of 
the undefined terms, axioms, previously defined terms, and non- 
mathematical words. Later, other conclusions or theorems are estab- 
lished through logical inferences. 

Different assumptions or axioms lead to different mathematical 
systems. For example, in Euclidean geometry it is assumed that 
through a given point one line and only one line can be drawn parallel 
to a given line. Different geometries, such as those now being used for 
space exploration, result when it is assumed that through a given point 
no line or perhaps s everal lines can be drawn parallel to a given line. 

The Real Number System is a mathematical system. In unit 4-7 it 
will be developed using zero and one as undefined terms, and addition and 
multiplication as undefined operations. The other natural numbers will 
be defined in terms of one making use of the undefined operations. 

The operations of subtraction and division will be defined in terms of 
addition and multiplication. Some authorities consider only addition as an 
undefined operation and multiplication an operation defined in terms of 
a.ddition. 



These Units will give teachers an organized overview of the 
numbers used in elementary mathematics. The following diagram 
shows the relationships to be discussed. 




- 5 - 



A SET AND ITS ELEMENTS 

The language of sets is used in many of the modern programs in mathe- 
matics, Although set is an undefined term, it may be considered as any 
collection of well-defined objects. These objects are called the elements of 
the set. Some ideas of arithmetic may be clarified through the use of sets, 

A child may speak of a set of books or a set of dishes. A mathematician 
may speak of the set of natural numbers or the set of integers or the set of 
rational numbers. 

Mathematicians consider both finite and infinite sets, A finite set is 
one in which the number of elements can be counted with the counting 
coming to an end. An infinite set is one in which the elements cannot be 
coimted with the counting coming to an end, 

SET NOTATION 

Braces are the notational symbols used to indicate a set. Thus {1, 2, 3} 
would be read as "the set whose elements are the numbers 1, 2, and 3", 
{Mary, Judy} would be read as "the set whose elements are Mary and Judy , 
An understanding of this notation is helpful in understanding current books 
and magazine articles, 

NATURAL NUMBERS 

Some mathematicians refer to the numbers 1, 2, 3, 4, • • • as the natural 
numbers. Other mathematicians include zero as a natural number. In these 
units zero will be considered a natural number in the set N of all natural 
numbers. 

It is assumed that a natural number always has a successor. This means 
that it is always possible to count one more. That the sequence of natural 
numbers continues without end (infinite sequence^ is indicated by three dots 
as shown below: 

N = (0, 1, 2, 3, 4, 5, • • • } 

CARDINAL AND ORDINAL NUMBERS 

A natural number may be used to indicate how many objects .are in a set 
or which member of an ordered set is being considered. When used to indi- 
cate "how many" it is called a cardinal number. When used to indicate 
"which one" it is called an ordinal number, 

Man developed early the idea of cardinal number and spoke of sets of 
two, five, three, etc, with no order implied. He also found need to order 
numbers and used the idea of ordinal number to refer to object number two, 
three, or five, etc, in this ordered set. This order is frequently described 
by the adjectives second, third, fifth, etc. 
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A group of three children implies the cardinal use of the number 3 since 
it tells hiow many children are in the group. Child number 3 in a row implies 
the ordinal use of the number 3 since it designates a particular child in the row# 

Elementary programs have traditionally placed emphasis upon counting# 
Today, because of the increased use of sets, cardinal numbers are receiving 
additional emphasis# Pictured exercises aid children in learning to identify 
the number of the set without counting# A child learns to associate zero with 
no objects, one with a single object, two with a pair of objects, etc# 

CARDINAL NUMBER OF A SET 



When the elements of two sets can be put into one-to-one correspondence, 
the sets are said to contain the same number of elements and to have the same 
cardinal number# To understand better the idea of the cardinal number of a 
set, examine the sets below: 



The cardinal number 0 
is associated with 



a set containing 
no elei Aents 



The cardinal number 1 
is associated with 

The cardinal number 2 
is associated with 

The cardinal number 3 
is associated with 

ORDER RELATIONS 



{ * } 

{ *, * } 

{ *> *. * } 



a set containing a 
single element 

a set containing two ele- 
ments, alike or different 

a set containing three ele- 
ments, alike or different 



Order relations are important in mathematics# They are now being in- 
troduced at the primary level and their use is extended to all grade levels# 
Traditional courses have stressed equalities but have given little or no 
attention to inequalities# 

A number may be equal to, greater than, or less than a given number# 
These order relations are symbolized by = , > , and < # The symbol is 
read "greater than" and the symbol "< " is read "less than"# "6 > 4" is read 
"6 is greater than 4" and "3 < 4" is read "3 is less than 4"# A number line 
may be used to illustrate these number relations# 

NUMBER LINE 

To prepare a number line draw a line and mark a sequence of equally 
spaced dots on it# Write *0* above the first dot, *1* above the second, *2* 
above the third, etc# 



01 2345 67*** 

^ 1 ii4. ^ a i I ■ 1 I I ■■ 1. ^ 

The farther a numeral is to the right, the greater the number it repre 
gents# For example, 7 > 2# The use of number lines and number line 
activities will be discussed in later units# 



SUMMARY 



Cardinal number- -a natural number used to tell how many object! are in 
a set or collection, as three, five, etc., with no order implied. 

Digits of the Hindu- Arabic decimal system- -0, 1, 2, 3, 4, 5, 6,. 7, 8, 
Natural numbers ---0, 1, 2, 3, 4, ••• 

Numeral a written symbol used to represent a numben 

One-to-one correspondence- --a simple matching of One object to another 
or a simple pairing of objects. 

Ordinal n\imber--a natural number used to specify a particular element of 
an ordered set or collection, as page 82. 

System of numeration- --a system dealing with symbolism and ways of 
representing numbers. 

SYMBOLS 

= is equal to 
^ is not equal to 

> is greater than 

> is greater than or equal to 
is not greater than 

^ is not greater than or equal to 
< is less than 
^ is less than or equal to 
^ is not less than 
^ is not less than or equal to 
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UNIT I 



Flannel Board or Magnetic Board 

Directions for constructing a flannel board are given on p, 142 of the 
C-2 Guide. If a sheet of tin plate is placed between the wood and the 
felt, the board can serve also as a magnetic board. Braces and 
mathematical symbols and numerals may be cut from felt for use on 
the flannel board. A symbol or numeral may be cut from cardboard 
and a small magnet glued to its reverse side so that it will stick to 
the flannel board. 



The Missing Domino 



Withhold one domino. The rest may be matched and laid end-to-end 
around a table to provide practice in recognition of number sets. The 
teacher can identify the withheld domino if a student tells her the num- 
ber of dots at each end of the completed domino row. These sets will 
match those on the missing domino. The missing d omino for the train 
of dominoes pictured below would be: 



# # 





• 

• 




• 

• 


0 




0 


##« 




0 0 
0 


. m 






• 


• • 












0 


# • • 




# # 


# 




0 





Going to Town 



Any student may place his marker at any space along the path but must 
return it to the same space by going 
all the way around. The spaces are 
munbered from 1-100. A spin of 
the top determines how many moves 
are to be made. For practice in 
learning the names and order of the 
numbers from 1-100, a student may 
count aloud as he moves his marker. 

This diagraim may also be marked 
on a floor or play area. 





TOP 



Number Lines or Scales 



Directions for constructing a number line are given on p, 139 of the 
C-2 Bulletin, An alternative to tag board is adding machine paper. 
Use larger colored numerals for 10, 20, 30, 40, 50, 60, 70, 80, 90, 
and 100, A number line may be constructed in different ways for 
different age groups, A number line for very young children may be 
made of spools, large beads, or large colored circles or squares on 
strips of paper, A number line constructed on the floor may be used 
for number line games. If the numerals are spaced a foot apart, the 
line may be used to develop measurement concepts, A nvimber line 
may be extended to represent negative integers, or it may be sub- 
divided to represent fractions and decimals. 




1.05 



1.06 



1.07 



1.08 
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ACTIVITIES 
A Hundred Board 



UNIT I 



A Hundred Board may be constructed using a 24" x 30" piece of 
plyboard. The surface may be divided into 100 rectangular areas 
or a sheet of cardboard may be divided similarly and glued to the 
plywood. Colored cardboard has the advantage of- being seen 
more easily and does not necessitate painting the plywood. The 
numerals 1-100 or 0-99 should be marked in each box. Hooks or 
screws may also be placed above each numeral. Small rings or 
paper cutouts can be hung on each screw or hook to point out pat- 
terns such as 5f 10, 15, 20, etc. or 4, 8, 12, 16, etc. 

Calendars 

Attractive calendars can be made using numerals from an ancient 
system of numeration. This activity may be correlated with a 
project in social studies. 

Follow the Pattern 




The class may be divided into two teams. 
Blues. The Red team will use Hindu- 
Arabic numerals to fill in the squares, 
and the Blue team will use Roman 
numerals. The Blue team may place 
a Roman numeral in any square on 
the blue side of the design. The Red 
team must place the corresponding 
Hindu-Arabic numeral in the corre- 
sponding square on the red side of 
the design. If this is done success- 
fully until all squares are filled, 
the Reds, win, but if a mistake is made 



e. g. the Reds and the 




Match the Groups 




MR. PENGUIN 



Draw a picture of an animal or 
a bird on a large piece of oak 
tag or colored cardboard. 
Section the animal or the bird 
into ten spaces. In each space 
place a number of dots to repre- 
sent the numbers 1, 2, 3, 4, 5, 5, 




7, 8, 9, 10. 



MATCH THE DOTS 



Cut apart another animal of bird in identical sections. On the 
corresponding section write '1' , '2', '3', etc. Let the students place 
these cutout sections on the dots which they describe. This can 
either be seatwork or an activity for the entire class if the picture of 
the animal or the bird is a large one. 
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ACTIVITIES 



UNIT I 



09 



Famous Dates in History 



J3elow are recorded, years in which famous events in history 
occurred. Can you decipher the symbols used in these ancient 
systems of numeration and identify the ancient systems? Students 
may wish to find out what event in history is associated with each 

date. 



a. 



b. 



c» 



d. 



e. 



X TATI 


f. 


X rHHHP’AT 


^ V V -< < < Y Y 

^ VV ^ ^ 


g- 


^ V < < VYVV 


♦ • • • 

• • • » 


h. 


• • 
• 


<3 III 

Q cee ^ ^ ^ 


i. 


M 1 /I /o e cc 

" III X 


M D c C C X II 


j. 


MCMLXI! 



Answers: 

(a) 1066 (Greek) 

(b) 1492 (Babylonian) 

(c) 1620 (Mayan) 

(d) 1776 (Egyptian) 

(e) 1812 (Roman) 



(f) 1865 (Greek) 

(g) 1918 ( Babylonian) 

(h) 1941 (Mayan) 

(i) 1945 (Egyptian) 

(j) 1962 (Roman) 



10 Famous Mathematicians 



Some students may become interested in reading about famous 
mathematicians. The list given here will be followed by an 
additional list in each succeeding unit. The mathematicians listed 
will be in chronological order with a brief note about each. An 
interesting activity for a student is to construct a mathematical 
time line from the completed list. A short biography and a picture 
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ACTIVITIES 



UNIT I 



of each mathematician may be put on each page of a notebook. Pic- 
ture cards available from Scripta Mathematica, 186th and Amsterdam 
Avenue, New York 33, N, Y, , may interest students in reading about 
some of these men. 



600 B. C. Thales, one of the Seven Wise Men, began the study of ^ 
demonstrative geometry. The story is told that his old 
pack mule carrying salt always lay down in a small 
stream to lighten its load. Thales supposedly taught 
the mule a lesson by substituting sponges for salt, 

540 B. C, Pythagoras discovered a mathematical relationship 
between the sides of a right triangle. 

450 B. C. Zeno convinced many that a hare could not overtake a 
tortoise if the tortoise were given a head start. 

380 B, C, Plato had a sign over his Academy in Athens saying, 

"Let no one ignorant of geometry enter here”, 

360 B. C. Aristotle, a pupil of Plato, is considered the father of 
Aristotelian logic. 

300 B. C, Euclid summarized and systematized all the mathematical 
knowledge of his time in his famous Elements . 

250 B- C- Eratosthenes measured the circumference of the earth 

and calculated the distance from the earth to the sun and 
to the moon, 

240 B. C. Archimedes is often considered one of the three greatest 
mathematicians of all time. An interesting story is 
recorded explaining how he determined that King Hiero’s 
crown was not pure gold, 

225 B. C. Apollonius summarized the known work on conics. 

140 B, C, Hipparchus is often called the father of trigonometry. 



1.11 St^ps 

Collecting stamps picturing famous mathematicians may interest 
some students. A short account of each mathematician with his 
picture may be put on each pege of a notebook or the stamps can 
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UNIT I 

ACTIVITIES 

be kept in a stamp album. A short lisi of stamps is given below: 
(Country listed is country issuing.) 

Abel--Norway (the stamp catalog number is A 18) 
Uo3COvich «- Croatia (1943 issue) 

Copernicus France (8-franc stamp of 1957 series) 

Coper nicus - - Poland (2 stamps issued in 1953) 

Copernicus ■ - Rus sia (1955 issue) 

Descartes — France (stamp catalog number is A 78) 
Einstein - -^Israel (1956 issue) 

Euler - -Russia (1957 issue) 

Galileo- -Italy (4 stamps in 194 2 scries) 

Gauss --West Germany (1955 issixi) 

Gerbert- -Hungary (2 stamps issued in 1938) 
Hamilton- -Irish Free State (Catalog number is A 17) 
Hujg^ens- -Netherlands (catalog number is SP 34) 

Kepler --Austria (1953 issue) 

Lagrange - - France (1958 issue) 

Laplace - -France (1958 issue) 

Leibniz- -Germany (catalog number is A 57) 

Leverrier -- France (1958 issue) 

Newton - -France (18 franc stamp) 1957 
Poincare - - France (1952 issue) 

Pythagorean Theorem- -Greece (one of 4 stamps in series) 
Zeno - -Cyprus (stamp number in catalog is A 1 6) 



ALBERT EINSTEIN (U70-19SSB) 
IS REGARDED BY MANY AS 
THEGREATEST THEORETICAL 
PHYSICIST SINCE NEWTON. 
THIS STAMP WAS ISSUED IN 

loss BY Israel shortly 

AFTER HIS DEATH IN 1985. 
IT IS A 3B0-PRUTA AND Is 
DARK BROWN IN COLOR. 





ACTIVITIES 
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UNIT I 




LEONHARD EULER, SWISS MATHEMATICIAN, tl707-1783) 
WAS ALSO HONORED BY RUSSIA IN 1957. THE STAMP 
PIC'VURED HAS A LILAC BACKGROUND WITH A GRAY 
INSET AND IS WORTH 40 KOPECKS. 



CARL FRIEDRICH GAUSS (1777-1858) 
IS PICTURED ON ThIS DEEP 
GREEN 10-PFENNIG ISSUE OF WEST 
GERMANY. GAUSS IS OFTEN 
REFERRED TO AS •‘THE PRINCE 
OF M ATHEMATICI ANS*,** THIS OUT- 
STANDING GERMAN MATHEMATICIAN 
AN D ASTRONOMER WAS EARLY 
RECOGNIZED AS A GENIUS. 




IN 1957, SWITZERLAND PRINTED 
5 5-CENTIME BROWN-CARMINE 

SEMIPOSTAL FOR THE 250TH 
BIRTHDAY ANNIVERSARY OF THE 
BRILLIANT ASTRONOMER AND 
MATH EM A Tl Cl AN, L EON HARD EULER 



SIR ISAAC NEWTON IS CONSIDERED 
ONE OF THE GREATEST MATHE- 
MATICIANS OF ALL TIME HE WAS 
ALSO INTERESTED IN ASTRONOMY 
AND INVENTED THE NEWTONIAN 
REFLECTING TELESCOPE. 



LEVERRIER WAS A FRENCH MATHE- 
MATICIAN AND ASTRONOMER. HIS 
CALCULATIONS LEAD TO THE 
DISCOVERYOF NEPTUNE. PICTURED 
IS A 12-FRANC STAMP WHICH IS 
SEPIA AND GRAY IN COLOR. IT 
WAS ISSUED IN 1958 BY FRANCE. 













EXERCISES 



UNIT I 



I. 

Answer the following: 

1. What is i/2 of 8? 

2, What is l/2 of *8* ? 

3. Does '45' consist of 2 numbers? 

4. Can numbers be found on this sheet? 

5, Can 'numbers' be found on this sheet? 

6, Can you erase the *4' in 24? 

II. 

Identify the following as illustrations of cardinal or ordinal number: 

1) Edward VI 3) Four-leaf clover 

2) 10 -word slogan 4) Second prize 

III. 

Translate the following Roman numerals to Hindu Arabic notation: 
XLIV 

2. DCIX 

IV. 

Write using mathematical symbols; 

1. 60 is greater than 20 

2. 40 is less than y 

3. a equals b 

4. a is not equal to b 

5. the set whose elements are a, b, and c 
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EXERCISES (answers) UNIT I 

o 

I. 



1, 4 

2, *3 'or etc, 

3, Noo A symbol or numeral can't consist of 2 numbers, 

4, No, Numbers are ideas, 

5, Y3s, The word 'numbers* appears on this page. 

6, No, A symbol can't be erased in a number because 
the number isn't made up of symbols. 



n. 



1, ordinal (tells which one) 

2, cardinal (tells how many) 

3, cardinal (tells how many) 

4, ordinal (tells which one) 



III. 



1, 44 

2, 609 




IV, 



1, 60 > 20 

2, 40 < y 

3, a = b 

4, a / b 

5, {a, b, c} 



ASSIGNMENT 



UNIT 1 



1, Answer the following yes or no: 

a. Is lj^> 6? 

b. Can you erase the '4' in 24? 

c. Is '9' smaller than ? 

d. Does '46' consist of 2 numbers? 

e. Does '35' consist of a '3' and a '5'? 

f. Does '4' plus '1' equal '5'? 

g. Does 4 plus 1 equal 5? 

h. Do we write 1 first in writing '16'? 

2, Identify the following as illustration of cardinal or ordinal numbers. 



(a) Henry VIII 

(b) page 82 

(c) 25 peaches 

(d) Rank 5 in class 

(e) 40 -hour week 



(f) February 14 

(g) Fifth Symphony 

(h) License number 246-821 

(i) 1000 word theme 

(j) First prize 



3. 



In Egyptian symbolism pictures of ropes, flowers, bones, etc, 
represented various numbers. The arrangement of the symbols 



1 

/ 

Stroke 



10 

n 

Arch or 
Heel Bone 



ed symbols included the 


following; 


100 


1000 

f 


10000 

^ ( 


7 

Coiled 


Lotus 


! 

Pointed 


Rope 


Flower 


Finger 



100000 

Tadpole 



Using these symbols represent the following numbers: 

a) 162 c) 2146 e) 102,132 

b) 743 d) 91246 



4 . Make a simple sketch to show the bead arrangement on a nine-bead 
abacus of (a) 162 (b) 728 and (c) 4126 



represents the abacus 
in zero state and 

represents 101 





109 to 
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ASSIGNMENT UNIT I 

5o Translate the following Ronnan numerals to their equivalents in the 
Hindu'Arabic notation. A bar over a letter or letters multiplies 
the value of the letter or letters by 1000. 

a) XXXVII d) U 

b) XLVm e) MCXCIV 

c) CXCI f) DCII 

6, Represent in Roman notation the numbers represented in Hindu- 
Arabic notation below: 

a) 462 c) 500,426 e) 1492 

b) 814 d) 1961 f) 1650 

7, Try solving without changing to Hindu-Arabic numerals but use Hindu- 
Arabic numerals if the problem becomes time consuming. This type 
of problem was solved by the Romans by the use of the abacus. 

a) MDVI - CCLXIV c) (XLIX) x (VI) 

b) MCDVII + CCCXXIV d) (XLII) 4 (VI) 

8, Which of the following principles --repetition, addition and place value 
apply to: 

a) Hindu-Arabic system? d) Mayan system? 

b) Egyptian system? e) Roman system? 

c) Babylonian system? 

9# Why do we need a zero to write 408 but the Egyptians did not? 

10. Use the correct symbol , ">" , or "=" to complete each sentence. 

a) 3 + 2 4+1 e) 23 X 16 22 x 17 

b) 4 X 2 3x3 f) 32 X 73 73 x 32 

c) 3 + 6 - 2 3x2 g) 181 + 19 19+181 

d) 14-10 + 7 6 + 7 -4 + 2 h) 6 x 7 x 4 4x6x7 



- 19 - 



ASSIGNMENT (answers) 



UNIT I 



I, a. No. The idea of 4 is less than the idea of 6. 

b. No. You cannot erase part of a number idea. 

c. Yes. The numeral '9' is smaller than the numeral o . 

d. No, Numerals don't consist of numbers. 

e. Yes. numeral '35' is written using the numerals 3 an • 

f. No, We don't add numerals. We add numbers. 

g. Yes. 1 1 1 1 « i. 

h. No. We can't write numbers. We write the muneral 1 first. 



2 . 



3. 



a. 

b. 

c. 

d. 

e. 

f. 

g* 

h, 

i. 
j* 



a 



b. 



Ordinal (which one) 
Ordinal (which one) 
Cardinal (how many) 
Ordinal (which one) 
Cardinal (how many) 
Ordinal (which one) 
Ordinal (which one) 
Probably ordinal since 
Cardinal (how many) 
Ordinal (which one) 

^ O II 



^ M/ 

^ ^ n n 



licenses are numbered serially (which one) , 

a. rrrff 1 9 ?;;:;;: 
f ff f <5 

e. -Z? I f ^ rin/Ml 



c. 






n » 

f f I 



4. a. 

TT 

iij: 

I 4 1 

5. a. 37 

b. 18 

c. 191 




7 a ^ 




If t z ^ 



d. 1,000,000 

e. 1194 

f. 600,002 
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ASSIGNMENT (answers) 



UNIT I 



6. a. CDLXII 
b. DCCCXIV 



c. DCDXXVI 

d. MCMLXI 



e. MCDXCII 

f. MDCL 



7. a. MDVI - CCLXIV, Many ways, but probably change as follows: 

MCCCCLXXXXXIimi - CCLXIIII = MCCXXXXII or MCCXLII. 
Remember they did this on an abacus. Check: 1506-264 = 1242, 

b. MCDVII + CCCXXIV = MCDCCCXXI VVII = MDCCXXXI 
Check: 1407 + 324 = 1731 

c. (XLIX) X (VI) actually shows repeated addition or XXXXVIIIIXXXXVIII 
etc. = XXXXXXXXXXXXXXXXXXXXXXXXVVVVVVIIIIIIIIIinilllllllllll 
CCLXXXXIV or CCXCIV, (49) -(6) = 294. 

d« XEII T VI 

XLII = VVVVVVVVII = VVVVVVVIIIIIII which represents VII 
groups of VIj 42 -r 6 = 7 

8. a. addition, place value 

b. repetition, addition 

c. repetition, addition 

d. repetition, addition, place value 

e. repetition, addition 

9. The Egyptians used a repetitive and additive system rather than a 
positional and additive system. 

10. a. 3 + 2 = 4 + 1 

b. 4x2<3x3 

c. 346-2>3x2 

d. 14 - 10 + 7 = 6 + 7 - 4 + 2 

e. 23 X 16 < 22 X 17 

f. 32 X 73 = 73 X 32 

g. 181 + 19 == 19 + 181 

h. 6x7x4 = 4x6x7 



UNIT II 



SYSTEMS OF NUMERATION 
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UNli" 11. . SYSTEMS OF ^iUMERATlON 

/*m glad Vm educated 
I think it*s simply grand 
To know so many' facts and stuff 
That f don*t understand. 

Barker 



INTRODUCTION 



"1 + 1 = 10" is only a way of saying that "1 + 1 = 2", This usage of 
"10" does not indicate ten but indicates "one two and zero ones"* Systems 
of numeration in bases other than ten are frequently included in modern 
courses in arithmetic to create interest and to help clarify the decimal 
system of numeration* 

DECIMAL SYSTEM 



The Hindu- Arabic system, which is used in most of the civilized 
world, is a decimal system based on groupings of ten* The word "decimal" 
is derived from the Latin "decern" meaning "ten"* For this reason the 
system is often called the base ten system. Decimal or base ten systems 
use only ten basic symbols called digits* 

An important feature of the Hindu-Arabic additive decimal system is 
the use of positional or place value which makes it possible to represent 
a number of any magnitude using only the ten basic symbols (digits) — 

0, 1, 2, 3, 4, 5, 6, 7, 8, and 9* The position of each digit in the numeral 
determines the value of that digit* For example, in '56* the *5* denotes 
5 tens while in '546* the '5* denotes 5 hundreds* 

This idea of position changed numerical notation and existing algorithms 
(computational patterns). Before the invention of a positional system, 
mathematics was handicapped in its advancement because calculations in the 
older systems were too cumbersome* 

BASE 

The base of any system of numeration indicates the number of single 
objects in the basic group and the number of digits needed* In the ' 
decimal system, 14 indicates one group of ten and four ones* 

Objects may be grouped in 
other ways . If the objects at the 
left were grouped in sets of five, 
there would be 2 sets of five and 
4 ones* This grouping could be 
recorded as 24fj^y0 or 245 and 
read "two four, base five" or 
"2 five 4". 
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If these objects were grouped in 
sets of six, there would be 2 sets of 
six and 2 ones. This grouping could 
be recorded as 22g£^ or 22^ and read 
"two two, base six" or "2 six 2". 

If these objects were grouped in 
sets of four, there would be 3 sets of 
four and 2 ones. This grouping could 
and read "three two, base four" or " 3 four 2". 



The four numerals — I^jq, 245, 22^, and 324 — indicate the same number 
of objects but’ the bases indicate different groupings. In each numeral the 
digit at the right indicates the ones and the next digit to the left indicates the 
number of basic groups. 



Strictly speaking, the symbol "10" read "one zero" always indicates 
the base of a system of numeration since it indicates one basic group. Thus 
it represents ten only when the base is ten. It would represent two if the 
base were two, or it would represent six if the base were six. 



EXPONENTS AND POWERS 

In addition to the characteristics of base and place value in an additive 
positional system of numeration, a third characteristic is the exponential 
aspect. 

The number 1000 may be represented as *10^*. The expression "10^" 
is read "ten to the third power". Ten is called the base, 1000 or 10^ is 
called the power, and the small superscript 3 is called the exponent. By 
definition the exponent, if a natural number, indicates the number of times 
the base is used as a multiplier or factor. Thus 8^ = 8x8x8x8 and 

= B*B. 

b3*b2 = (B*B*B)*(B*B) = b 5 anrl _ B>B*B*B»B ^ ^3 

g2 * B*B 



It may be observed that a short way to multiply powers of'the same 
base is to add tibe exponents. To divide powers of tho same base subtract 
the exponents* 

Note that s B*B*B _ ^ 

. b3" B*B*B 



However, 



using the shorter method above; 



= b3-3 

B^ 













To have the results consistent, the following definition has been 
agreed upon: 

= 1 if B 0 

A smaller power may be divided by a larger power: 

= _L 

b3 B»B»B B 

Again the shorter method may be used: 
b2 = b2-3= B-> 

This indicates a need for the definition: 

B"L -L 

" B 



Similarly, it can be shown that 

^ = B-2 = ^ 
b4 b2 



EXPONENTIAL NOTATION IN BASE TEN 

When the base is given, a number can be expressed in exponential 
form. Another way of writing 5246 is to use exponential notation to 

indicate the groupings: 

5246 = 5000 + 200 + 40 + 6 

= 5(1000) + 2(100) + 4(10)^+ 6(1) 

= 5(103) + 2(102 ) + 4(10l ) + 6(100 ) 



Groupings in base ten from 10^ to 10“2 are represented in the 



following table: 



thousand 


hundred 


ten 


one 


tenth 


hundredth 


1000 


100 


10 


1 


1/10 


1/100 


10(102) 


lO(lOl) 


lO(loO) 


10(10-1) 


10(10-2) 


10(10-3) 


103 


10 2 


lol 


10® 


10-1 


1 10-2 



Below is shown the composition of 210.45: 



200 . 

10 . 

0 . 

.4 

.05 

210.45 



= 2 X 100 = 

= 1 X 10 
= 0x1 = 

= 4 X l/lO = 

= 5 X l/lOO 

2 10 ^ + 1 * 10 ^ ■ 



2'10^ 

MOl 

0‘100 

4*10-1 

5*10-2 

0*10® + 4*10-1 



+ 5*10"2 



o 



